ABSTRACT In this paper, we consider a family of one-generator quasi-cyclic (QC) codes and their applications in quantum codes construction. We give a sufficient condition for one-generator QC codes to be self-orthogonal with respect to the symplectic inner product. As the computational results, five new binary quantum codes with parameters [[45,29,5]], [[63,36,7]], [[73,55,5]], [[105,71,7]], and [[105,72,7]] improving the best-known lower bounds on minimum distance in Grassl's code tables are constructed.
I. INTRODUCTION
Reliable quantum information processing requires mechanisms to reduce the effects of environmental and operational noise (decoherence). Reducing the decoherence or controlling the decoherence to an acceptable level is a key challenge for researchers. Fortunately, it is possible to alleviate the detrimental effects of decoherence by employing quantum error-correcting codes (or just quantum codes). Therefore, quantum codes have been an attractive field for both physicists and coding theorists.
In 1994, Shor [1] firstly constructed the quantum code with parameters [ [9, 1, 3] ], which can correct 1 bit quantum error with 9 quantum bits. Later, two independent research groups Calderbank and Shor [2] and Steane [3] gave a relationship between quantum codes and two classical binary error-correcting codes. In 1998, Calderbank et al. [4] proposed a method to construct binary quantum codes utilizing self-orthogonal classical error-correcting codes over finite field F 4 . In 2001, Ashikhmin et al. generalized these results to non-binary case in [5] . Afterwards, many good quantum codes have been constructed by using classical linear codes over finite fields [6] - [10] .
Similar to classical error-correcting codes, every quantum code over a finite field F q also has three basic parameters: the length (n), the dimension (k) and the minimum distance (d) that determine the performance of the quantum code. One of the most challenging and key problems of quantum coding theory is to determine their optimal parameters. Moreover, effective methods to obtain these quantum codes,
The associate editor coordinating the review of this manuscript and approving it for publication was Marco Martalo. whose parameters attain the optimal values, are provided. However, this optimization problem is very difficult to study. There are code tables of best-known binary quantum codes with upper bounds on minimum distance that are available online [11] . The database is updated as new quantum codes are discovered and reported by researchers.
Quasi-cyclic (QC) codes are a remarkable generalization of cyclic codes. Many QC codes have improved the earlier known minimum distances [12] , [13] . It is well-known that there are asymptotically good codes achieving a modified Gilbert-Vashamov bound among QC codes [14] , [15] . Moreover, QC codes are closely linked to Turbo codes [16] and many Low-Density Parity Check (LDPC) codes [17] . Naturally, QC codes can be used to construct quantum codes with good performance. However, few studies have been done on this. In [18] , Hagiwara et al. studied constructions of quantum codes from QC LDPC codes. They focused on long codes and probabilistic constructions. In 2018, Galindo et al. [9] used two-generates QC codes of short length which are dualcontaining to construct quantum codes, and they have gained some quantum codes with good parameters. Inspired by the previous work, we will originally consider quantum codes construction from self-orthogonal one-generator QC codes with respect to symplectic inner product.
The short paper is organized as follows. In Section 2, some preliminary concepts and results are discussed. In Section 3, we provide an algebraic construction of a class of one-generator QC codes and give a sufficient condition for symplectic self-orthogonality. As an application, five new binary quantum codes, which improve the corresponding lower bounds on minimum distance of binary quantum codes, are constructed. Section 5 concludes this paper.
II. PRELIMINARIES
Let q be a positive power of a prime number p and F q be finite fields with q elements. Given two vec-
q , their Euclidean inner product and symplectic inner product are defined as u, v = 
A quantum code of length n is a K -dimensional subspace of the q n -dimensional Hilbert space (C q ) ⊗n , where C denotes the complex field. If K = q k , then the quantum code is denoted by [[n, k, d] ], where d is minimum distance. Just as the classical case, one of the principal problems in quantum error correction is to construct quantum codes with the best possible minimum distance. There exists an important connection between quantum codes and classical symplectic self-orthogonal linear codes that can be seen in [5] .
In the following, we will give some simple introductions of cyclic codes and quasi-cyclic (QC) codes.
A linear code C over a finite field F q is called cyclic if it is closed under the cyclic shift operator τ , i.e., for any codeword (c 0 ,
Define the quotient ring
It is well-known that a cyclic code is an ideal in the quotient ring R. Since R is principle, then every cyclic code can be generated by a single polynomial. If there exists a monic
is called the generator polynomial of the cyclic code.
Denote
} mod n, where s is the smallest positive integer such that iq s ≡ i mod n. Let ξ be a primitive nth root of unity in some extension field of F q . For a cyclic code C with generator polynomial g(x), T = {i ∈ Z n | g(ξ i ) = 0} is called defining set of C. It has been proved that T is a union of some q-cyclotomic cosets modulo n. It is important to note that when gcd( , N ) = 1, we obtain cyclic codes. Therefore, we assume that | N .
It is well-known that a QC code C of length N = n is algebraically an R-submodule of R . If C has a single generator with the form of (g 0 (x), g 1 
, then g(x) and h(x) are called the generator polynomial and parity-check polynomial of the QC code, respectively. Both g(x) and h(x) are unique. Moreover, the dimension of C is degh(x). The detailed process of proof is shown in [19] .
III. CONSTRUCTION OF QUANTUM CODES
In this section, we will define a suitable subfamily of onegenerator QC codes to construct quantum codes with good performance.
Definition 1: Let C(f , g) be a QC code over F q of length 2n generated by (g(x), f (x)g(x)), where f (x) and g(x) are polynomials in R such that g(x) divides x n − 1. In our development, attached to polynomial f (
It is well-known that f ⊥ (x) generates the dual code of the cyclic code generated by f (x). In this paper, [f (x)] denotes the vector in F n q determined by the polynomial f (x) in R according to the isomorphic mapping π −1 . In order to give the algebraic structure of the symplectic dual code C ⊥ s (f , g), we need the following lemma.
Lemma 2 ([9], Proposition 2): Let f (x), g(x)
and h(x) be monic polynomials in R, then the following equality holds:
where ·, · denotes the Euclidean inner product of vectors.
Proposition 1: The symplectic dual code C ⊥ s (f , g) of the QC code C(f , g) is generated by the pairs (1,f (x)) and (0, g ⊥ (x)).
Proof: A codeword in C(f , g) is with the form of
Similarly, a codeword in the code generated by the pairs (1,f (x)) and (0, g ⊥ (x)) can be written as
, where a(x),b(x) and c(x) are arbitrary polynomials over F q . The multiplicative operation is defined in R. Then the symplectic inner product of the above two codewords is
Since the dual code of the cyclic code g(x) is gener-
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) contains the code generated by (1,f (x)) and (0, g ⊥ (x)). In addition, one can check that the dimension of the code C(f , g) is n − degg(x). Hence, the dimension of
, which is actually equal to the dimension of the code generated by the pairs (1,f (x)) and (0, g ⊥ (x)). So we complete the proof. Obviously, there exists a sufficient condition under which the QC code C(f , g) is symplectic self-orthogonal.
Proposition 2: A sufficient condition for C(f , g) to be contained in its symplectic dual code
Proof: It follows from the following equation directly:
+g(x)(1,f (x)).
Remark 1: By Proposition 2, we know that if the cyclic code generated by g(x) is self-orthogonal, then the QC code C(f , g) is symplectic self-orthogonal. Moreover, It is easy to certify that a cyclic code with defining set T is self-orthogonal if and only if T ∪ (−T ) = Z n , where Z n = {0, 1, . . . , n − 1} and −T = {−i mod n|i ∈ T }.
By Lemma 2 and Propositions 2, we have the following result directly.
Theorem 1: With the above notations, assume that f (x) and g(x) are polynomials in R such that g(x) divides x n − 1 and g ⊥ (x) divides g(x). Then the QC code C(f , g) is self-orthogonal for the symplectic inner product. As a consequence, it provides a quantum code with parameters
IV. SOME NEW BINARY QUANTUM CODES
In this section, we will provide some good quantum codes to illustrate the validity of our construction method. Note that there only exist binary quantum code tables available in http://www.codetables.de/ until now. Therefore, we just consider binary quantum codes construction in our examples. We compute it by the algebra system Magma [20] .
Example 1: Assume that q = 2, n = 45 and the poly-
. The splitting field of x 45 − 1 is F 2 12 . Let η be a primitive element of F 2 12 and ξ = η 91 be a primitive 45th root of unity. Taking cyclotomic cosets modulo n = 45 with respect to q = 2, one can get minimal polynomials of roots η i (0 ≤ i ≤ 44) which divide the polynomial x 45 − 1. Analogously, let g(x) be a polynomial defined by the following union set T of cyclotomic coset, Example 2: Set q = 2 and n = 63. Consider 2-cyclotomic cosets modulo 63. Select the union set T of cyclotomic cosets C (0) ,C (1) ,C (3) ,C (5) ,C (7) ,C (9) ,C (11) [[63, 36, 6] ] is the best-known binary quantum code with length 63 and dimension 36 according to code tables [11] . Hence, our code refreshes the best-known lower bounds on minimum distance of binary quantum codes.
Example 3: Set q = 2 and n = 73. + x 6 + x 3 + x 2 + 1, which is determined by the union T of 2-cyclotomic cosets C (0) ,C (1) ,C (3) ,C (5) ,C (9) ,C (11) and C (25) . Search f (x) = x 17 + x 14 +x 12 +x 11 +x 10 +x 9 +x 8 +x 7 . Since T ∪(−T ) = Z 73 , then QC code C(f , g) is symplectic self-orthogonal. Ulteriorly, we have g ⊥ (x) = x 18 + 10 + x 9 + x 8 + x 6 + x 5 + 1, which is determined by union set T of 2-cyclotomic coset C (0) ,C (1) ,C (3) ,C (5) ,C (7) ,C (11) ,C (13) , C (15) , C (21) , C (35) 73 . We compute that minimum symplectic weight of C ⊥ s (f , g) is 7. Therefore, we obtain a binary quantum codes with parameters [[105, 72, 7] ]. One can check that a [[105, 72, 6] ] binary quantum code is best-known at now. As a consequence, the corresponding lower bounds on minimum distance can be improved to 7.
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Example 5: Now we also write q = 2 and n = 105. Analogously, let g(x) be a polynomial defined by the following union set T of 2-cyclotomic coset C (0) ,C (1) ,C (3) ,C (5) ,C (7) , C (11) ,C (13) ,C (15) , C (21) , C (35) 2 . Hence, it is easy to see that our quantum codes strictly improve not only the corresponding best-known minimum distance but also the error correction capacity.
V. CONCLUSION
In this paper, we consider a family of one-generator QC codes and give a sufficient condition for symplectic selforthogonality. As an application, five new codes that improve the best-known lower bounds on minimum distance of binary quantum codes are obtained and their parameters are determined. In fact, plentiful non-binary quantum codes with good parameters can also be acquired by our construction method. In the future study, we hope that applying QC codes to construct good quantum codes would have attracted great attention. 
